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Any disturbance that complies with the wave equation can propagate as a wave moving along the x-axis with a wave speed
v. It works equally well for waves on a string, sound waves, and electromagnetic waves. This equation is extremely useful.
For example, it can be used to show that electromagnetic waves move at the speed of light.

16.3 | Wave Speed on a Stretched String

Learning Objectives

By the end of this section, you will be able to:

» Determine the factors that affect the speed of a wave on a string

* Write a mathematical expression for the speed of a wave on a string and generalize these
concepts for other media

The speed of a wave depends on the characteristics of the medium. For example, in the case of a guitar, the strings vibrate
to produce the sound. The speed of the waves on the strings, and the wavelength, determine the frequency of the sound
produced. The strings on a guitar have different thickness but may be made of similar material. They have different linear
densities, where the linear density is defined as the mass per length,

_ massofstring 4 (16.7)

M= Tength of string [

In this chapter, we consider only string with a constant linear density. If the linear density is constant, then the mass (Am)
of a small length of string (Ax) is Am = uAx. For example, if the string has a length of 2.00 m and a mass of 0.06 kg, then

0.06 kg

_ kg L .
200m = 0.03%7. If a 1.00-mm section is cut from the string, the mass of the 1.00-mm length

the linear density is y =

is Am = uAx = (0.03%)0.001 m=3.00x 107> kg. The guitar also has a method to change the tension of the strings.

The tension of the strings is adjusted by turning spindles, called the tuning pegs, around which the strings are wrapped. For
the guitar, the linear density of the string and the tension in the string determine the speed of the waves in the string and the
frequency of the sound produced is proportional to the wave speed.

Wave Speed on a String under Tension

To see how the speed of a wave on a string depends on the tension and the linear density, consider a pulse sent down a taut
string (Figure 16.13). When the taut string is at rest at the equilibrium position, the tension in the string F7 is constant.

Consider a small element of the string with a mass equal to Am = pyAx. The mass element is at rest and in equilibrium and
the force of tension of either side of the mass element is equal and opposite.

Am = uAx

e

Er = Ax+| Fr
Figure 16.13 Mass element of a string kept taut with a
tension F'7. The mass element is in static equilibrium, and the

force of tension acting on either side of the mass element is
equal in magnitude and opposite in direction.

If you pluck a string under tension, a transverse wave moves in the positive x-direction, as shown in Figure 16.14. The
mass element is small but is enlarged in the figure to make it visible. The small mass element oscillates perpendicular to the
wave motion as a result of the restoring force provided by the string and does not move in the x-direction. The tension Fp

in the string, which acts in the positive and negative x-direction, is approximately constant and is independent of position
and time.
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Figure 16.14 A string under tension is plucked, causing a pulse to
move along the string in the positive x-direction.

Assume that the inclination of the displaced string with respect to the horizontal axis is small. The net force on the element
of the string, acting parallel to the string, is the sum of the tension in the string and the restoring force. The x-components
of the force of tension cancel, so the net force is equal to the sum of the y-components of the force. The magnitude of the
x-component of the force is equal to the horizontal force of tension of the string F7 as shown in Figure 16.14. To obtain

—F F

the y-components of the force, note that tan 8, = 7 L and tan 0, = F—2 The tan @ is equal to the slope of a function at
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a point, which is equal to the partial derivative of y with respect to x at that point. Therefore, Y equal to the negative
T
. Fy . .
slope of the string at x; and Foois equal to the slope of the string at x, :
T

Fy_ _(9y Fy _ (ay)
Fr (6x)x1 and 7= (5% )
The net force is on the small mass element can be written as

0 d
Free=F+Fy= FT[(a—)yC)xz - (a_z)xl]

Using Newton’s second law, the net force is equal to the mass times the acceleration. The linear density of the string u is

the mass per length of the string, and the mass of the portion of the string is uAx,
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Dividing by F Ax and taking the limit as Ax approaches zero,
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Recall that the linear wave equation is
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Therefore,

1 _

M
v2 Fr

Solving for v, we see that the speed of the wave on a string depends on the tension and the linear density.

Speed of a Wave on a String Under Tension

807

The speed of a pulse or wave on a string under tension can be found with the equation

Fr
vl = T

where Fr is the tension in the string and u is the mass per length of the string.

(16.8)

Example 16.5

The Wave Speed of a Guitar Spring
On a six-string guitar, the high E string has a linear density of MHighE = 3.09x 10~ kg/m and the low E string

has a linear density of up ., g =5.78 X 1073 kg/m. (a) If the high E string is plucked, producing a wave in the

string, what is the speed of the wave if the tension of the string is 56.40 N? (b) The linear density of the low E
string is approximately 20 times greater than that of the high E string. For waves to travel through the low E string
at the same wave speed as the high E, would the tension need to be larger or smaller than the high E string? What
would be the approximate tension? (c) Calculate the tension of the low E string needed for the same wave speed.
Strategy

Fr

a. The speed of the wave can be found from the linear density and the tension v = TR

WWF
b. From the equation v = TT’ if the linear density is increased by a factor of almost 20, the tension would

need to be increased by a factor of 20.
c. Knowing the velocity and the linear density, the velocity equation can be solved for the force of tension

FT = ,UVZ

Solution
a. Use the velocity equation to find the speed:

b %= [ 640N — 427.23 mss.
\/3.09>< 107" kg/m

b. The tension would need to be increased by a factor of approximately 20. The tension would be slightly
less than 1128 N.

c. Use the velocity equation to find the actual tension:

Fr=uv? =578 x 103 kg/m(427.23 m/s)? = 1055.00 N.

This solution is within 7% of the approximation.

Significance

The standard notes of the six string (high E, B, G, D, A, low E) are tuned to vibrate at the fundamental frequencies
(329.63 Hz, 246.94Hz, 196.00Hz, 146.83Hz, 110.00Hz, and 82.41Hz) when plucked. The frequencies depend
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on the speed of the waves on the string and the wavelength of the waves. The six strings have different linear
densities and are “tuned” by changing the tensions in the strings. We will see in Interference of Waves that
the wavelength depends on the length of the strings and the boundary conditions. To play notes other than the
fundamental notes, the lengths of the strings are changed by pressing down on the strings.

16.5 Check Your Understanding The wave speed of a wave on a string depends on the tension and the
linear mass density. If the tension is doubled, what happens to the speed of the waves on the string?

Speed of Compression Waves in a Fluid

The speed of a wave on a string depends on the square root of the tension divided by the mass per length, the linear density.
In general, the speed of a wave through a medium depends on the elastic property of the medium and the inertial property

of the medium.
W = elastic property
"~ |inertial property
The elastic property describes the tendency of the particles of the medium to return to their initial position when perturbed.

The inertial property describes the tendency of the particle to resist changes in velocity.

The speed of a longitudinal wave through a liquid or gas depends on the density of the fluid and the bulk modulus of the
fluid,

b= \/E (16.9)
D
Here the bulk modulus is defined as B = — %, where AP is the change in the pressure and the denominator is the ratio
o
m

of the change in volume to the initial volume, and p = % is the mass per unit volume. For example, sound is a mechanical

1%

wave that travels through a fluid or a solid. The speed of sound in air with an atmospheric pressure of 1.013 X 10° Pa
and a temperature of 20°C is vg = 343.00 m/s. Because the density depends on temperature, the speed of sound in air

depends on the temperature of the air. This will be discussed in detail in Sound.

16.4 | Energy and Power of a Wave

Learning Objectives

By the end of this section, you will be able to:

* Explain how energy travels with a pulse or wave

» Describe, using a mathematical expression, how the energy in a wave depends on the
amplitude of the wave

All waves carry energy, and sometimes this can be directly observed. Earthquakes can shake whole cities to the ground,
performing the work of thousands of wrecking balls (Figure 16.15). Loud sounds can pulverize nerve cells in the inner
ear, causing permanent hearing loss. Ultrasound is used for deep-heat treatment of muscle strains. A laser beam can burn
away a malignancy. Water waves chew up beaches.
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